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Abstract
Mechanical pressure in active matter is generally not a state variable and possesses abnormal
properties, in stark contrast to equilibrium systems. We here show that the pressure on a passive
probe exerted by an active fluid even depends on external constraints on the probe by means of
simulation and theory, implying that the mechanical pressure is not an intrinsic physical
quantity of active systems. The active mechanical pressure on the passive probe significantly
increases and saturates as its elastic constraint (realized by a trap potential) or kinematic
constraint (realized by environmental friction) strengthens. The microscopic origin for the
constraint-dependent pressure is that the constraints influence the probe dynamics, and hence
change the frequency and intensity of the collisions between the probe and active particles. Our
findings not only greatly advance the understanding of active mechanical pressure but also
provide a new way to in situ tune it.

Supplementary material for this article is available online
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1. Introduction

Active matter, such as bacteria colonies [1–3] and synthetic
active colloids [4–10], often exhibits exotic nonequilibrium
phenomena [11–20] due to its constituents persistently con-
verting stored or ambient energy into self-propulsion. To
better understand and explore the unusual features of act-
ive matter, many fundamental physical concepts in thermal
bath have been generalized to active bath [21–29]. Especially,

∗
Authors to whom any correspondence should be addressed.

mechanical pressure in active systems has attracted consider-
able attention and been extensively investigated [3, 16, 25, 26,
30–63]. The active mechanical pressure has been shown to not
only play an important role in inducing collective motion of
active agents [31, 32] and unidirectional transport of immersed
asymmetric passive objects [3, 33–37], but also provide a
useful starting point to study the rheological properties [38,
39], interfacial tension [40–42] and phase behaviors of active
matter [16, 25, 26, 43–63].

Unlike the pressure in thermal bath, the mechanical pres-
sure is not a state variable for generic active fluids and
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strikingly depends on the wall interaction details [64–74].
An exception is the mechanical pressure on a flat wall exer-
ted by the active Brownian spheres free of any torque coup-
ling (ABPs) [25, 43, 44, 48, 75, 76]; while, for curved
boundary walls, the mechanical pressure hinges on the bound-
ary curvature [72, 77–79]. Given the lack of an equation of
state in general, a possible second-best situation could be that
a generic probe, with certain geometry and interaction detail,
experiences a unique mechanical pressure in a certain active
fluid. Such a situation admits an unambiguous determination
of active pressure on the probe, independent of the measure-
ment strategy. This seemingly natural situation is not necessar-
ily always valid, as recent studies have revealed that the active
depletion force/torque and active noise experienced by passive
probes in active baths sensitively depend on their measurement
schemes [80–83], reflected in their dependences on external
constraints. Thus, an important question is how the active pres-
sure on a passive probe is affected by its external constraint,
which is often correlated with the measurement strategy.

In this work, we quantify themechanical pressure on a pass-
ive colloidal sphere trapped by an external harmonic potential
in a fluid of ABPs, using computer simulation and theory. The
results show that the pressure experienced by the passive probe
is sensitive to the degree of the constraint, and increases and
then saturates with the trap stiffness. In other words, the value
of mechanical pressure is dependent on how tightly the probe
particle is caught when measuring. This counterintuitive result
originates from the effect of the constraint on the probe dynam-
ics, which changes the frequency and intensity of the colli-
sions between the probe and active particles. This scenario is
further confirmed by varying the probe dynamics through the
environmental friction coefficient. Our findings thus mean that
the active mechanical pressure is generally not an intrinsically
physical quantity.

2. Simulation method

We consider a two-dimensional (2D) active bath consisting of
2000 ABPs with a diameter of σa and one large passive probe
with a diameter of σp = 3σa. They interact repulsively through
a truncated and shifted Lennard–Jones-type potential U(r) =
4ϵ[(σ/r)24 − (σ/r)12] + ϵ, with the center-to-center particle
distance r and a cutoff at r= 21/12σ, beyond which U(r) = 0.
Here, the σ is defined as the interaction diameter and ϵ determ-
ines the interaction strength, equal to the thermal energy kBT.
We use the overdamped Langevin equation to evolve the trans-
lational and rotational motion of the active particle i,

ṙai = v0u(θi)+µFp(r p− rai )+µ
∑
j

Faij+
√
2Dtηi,

θ̇i =
√
2Drξi. (1)

Here, rai represents the position of the ith active particle, v0,
the ratio of the driving force Fd to translational friction coef-
ficient γa, is the self-propelled velocity with direction u(θi) =

Figure 1. Sketch of the simulation system, consisting of small
active particles self-propelling towards the red side, and a passive
spherical probe (blue) constrained by an external harmonic potential
U(r p) = 1

2k(r
p− ro)2.

[cosθi,sinθi]T. F
p(r p− rai ) and Faij represent the steric inter-

action forces exerted on the active particle i by the pass-
ive probe and the jth active particle, respectively. ηi and
ξi represent independent Gaussian-distributed white noises
with zero mean and correlation δ(t). In addition, Dt = µkBT
(Dr = µrkBT) corresponds to the translational (rotational) dif-
fusion coefficient, where µ= 1/γa (µr = 1/γr,γr = 1

3σ
a2γa,

with γr the rotational friction coefficient) is the mobility of
the active particles. Unless otherwise stated, in simulations,
the dimensionless driving force of the active particle is set
to Fdσa/kBT= 20, close to the one of the bacterium, and the
packing fraction of ABPs is taken as ρp = 0.3 to avoid the
formation of large clusters.

The evolution of the large passive probe is also described
by the overdamped Langevin equation,

ṙ p =−µp
∑
j

Fp(r p− raj )+
√
2D p

t η
p−k(r p− ro). (2)

Similarly, rp and D p
t = µpkBT (µp = 1/γp, with γp the trans-

lational friction coefficient of the probe) refer to the position
and translational diffusion coefficient of the passive probe,
respectively, and ηp to the Gaussian-distributed white noise.
Besides the interactions with the ABPs, the probe is con-
strained by an external harmonic potential U(r p) = 1

2k(r
p−

ro)2, where ro is the trap center, as sketched in figure 1. In
this work, the integration time step to solve the equations of
motion is∆t= 10−3 ×σa

√
m/ϵ. Each data point in the figure

is obtained through 16 trajectories, and each trajectory consists
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of 3× 108 steps. A frame is extracted every 10 steps for data
analysis. Throughout the manuscript, we employ the standard
reduced simulation units, in whichm, σa and ϵ are respectively
taken as the unit of mass, length and energy.

3. Results and discussions

3.1. Elastic constraint

In the 2D active fluid, the mechanical pressure on the spher-
ical passive probe reads, P=

´∞
0 F p(r)ρ(r)dr, with ρ(r) the

local number density of ABPs [79]. Figure 2(a) shows that
the pressure P experienced by the passive particle monoton-
ically increases as the trap stiffness k rises. For larger k, the
pressure saturates, with a value corresponding to that of the
completely fixed probe (the red dashed line). The external
trap-dependence of P is fundamentally different from the case
of equilibrium systems, in which the pressure does not hinge
on the probe dynamics. In the present active fluid, increasing
constraint make the trapped probe difficult to move (escape)
when encountering the persistent collisions from surround-
ing ABPs, thus enhancing the frequency of the collisions
between the probe and ABPs (namely, the mean number of
ABPs simultaneously interacting with the probe), as verified
by the results in figure 2(b). The dependence on the local num-
ber density of ABPs is similar to the recent study by Paul
et al, where the particle density around the probe is shown
to have a direct link with the net force experienced by the
probe in an active bath [84]. To rule out the possibility that
the constraint-dependent pressure arises from the correlation
between the ABPs, we also implement simulations for non-
interacting (ideal) ABPs. The results, plotted in figures 2(c)
and (d), are qualitatively consistent with those for interacting
ABPs (figures 2(a) and (b)).

Besides the collision frequency (figure 2(b)), the intensity
of the collisions between the probe and ABPs also increases
with k, which can be quantified by the average active pressure
exerted on the passive particle by a single ABP, Ps. Figure 2(e)
displays that Ps monotonically increases with the trap stiffness
until reaches saturation, which provides an additional contri-
bution to the constraint dependence of the pressure. A min-
imal theory is developed to elucidate the effect of constraint on
the collision intensity, where the interacting process between
the ABPs and probe is approximated as a head-on collision,
with the ABP orientation parallel to the vector connecting the
ABP and probe. Before the collision, the large probe rests at
the trap center; while, after the collision, it moves together
with the active particle during a rotational relaxation times-
cale, τr = γr/kBT. Ignoring mutiparticle collisions, the over-
damped equation of motion of the probe during the collision
process reads,

(γp+ γa)ṙ p =−kr p+Fd. (3)

Here, Fd− γaṙ p corresponds to the impact force exerted on
the large probe by the active particle, with the stochastic force

Figure 2. (a) Reduced mechanical pressure P on the passive probe
and (b) the mean number N of ABPs simultaneously interacting
with the probe as functions of the trap stiffness k. (c) and (d) show
the corresponding results for ideal ABPs. The result for the fixed
passive probe is indicated by the red dashed lines, and the
simulation results are presented with error bars. (e) The average
pressure exerted on the probe by a single ABP, with the blue dashed
line representing the fitting from equation (5).

omitted. Solving equation (3), the trajectory of the large pass-
ive particle is,

r p(t) =
Fd
k

[
1− e−kt/(γp+γa)

]
. (4)

The active pressure on the probe originates from the persistent
collision from the ABP and is proportional to the impact force
Ps ∼ Fd− γaṙ p. After averaging Ps over a timescale τ r, we
have

Ps ∼
1
πσp

1
τr

ˆ τr

0
(Fd− γaṙ p)dt

= C1
1
πσp

Fd
τr

(
τr+

γa

k
e−kτr/(γ

p+γa) − γa

k

)
, (5)

with an unknown prefactor C1. This approximate theoretical
calculation, based on equation (5) with the fitting parameter
C1 = 0.84, is well consistent with the direct simulation meas-
urement, as shown in figure 2(e). In addition, the pressure
experienced by the probe reduces with the increasing noise,
originating from the decreasing persistence length and hence
the weakening accumulation of ABPs. The corresponding res-
ults have been provided in the supplementary material.

We have so far demonstrated the mechanical pressure exer-
ted on a certain probe in the active fluid is not unique, and
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Figure 3. Reduced mechanical pressure P experienced by the fixed
and free passive probes (a) and the corresponding mean number N
of ABPs simultaneously interacting with the probe (b) as functions
of Fd. For (c) and (d), P and N both vary with the packing fractions.
In (a) and (b), ρp = 0.3, while in (c) and (d), Fdσ

a/kBT= 20. The
simulation results are presented with error bars.

its magnitude is dependent on how tightly the probe particle
is caught. In the following, we focus on two extreme cases: a
freely moving probe and a fixed probe, and explore their act-
ive pressures for various Fd and ρp. Figure 3(a) shows that
the pressure experienced by the fixed probe is the same as
the free one when Fd = 0, corresponding to an equilibrium
thermal bath. In this case, the pressure is an intrinsic thermody-
namic quantity, which does not depend on the probe dynam-
ics hence the external constraint on the probe. Nevertheless,
the pressure gap between the fixed and free cases gradually
enlarges with the activity of ABPs, highlighting the nonzero
pressure gap is completely an active effect. The systems are
limited in the regime of relatively low activities and dens-
ities, not high enough to induce the motility-induced phase
separation (MIPS) [85]. Given the absence of MIPS, when
the activity of the active particles is increased, there are two
physical effects at play. First, the collision intensity between
the active particles and the probe is enhanced, resulting in
a significant increase in measured pressure, as illustrated in
figure 3(a). Second, the increased activity produces a longer
persistent length of the ABP, such that more ABPs accumu-
late on the probe surface, leading to an enhanced collision fre-
quency between the probe and ABPs, as shown in figure 3(b).
As a result, the measured pressure significantly increases with
the activity. Furthermore, wemeasure the P andN for the fixed
and free probes as a function of ρp with Fdσa/kBT= 20, as
plotted in figures 3(c) and (d). Both the P and N gaps increase
with the packing fraction of ABPs, as the persistent ABP-
probe collisions become more frequently.

3.2. Kinetic constraint

The constraint dependence of the pressure essentially results
from the fact that the active pressure on the probe depends

on the probe dynamics. Besides the external trap, the envir-
onmental friction serves as a kinetic constraint that effectively
influences the probe dynamics. Thus, it can be expected that
the active pressure on a free probe will change with its friction
coefficient from the environment, γp. Figures 4(a), (b) and (e)
separately plot the P, N and Ps as a function of the frictional
coefficient γp, exhibiting a trend similar to the k-dependence
in figures 2(a), (b) and (e). In particular, the mechanical pres-
sure on the free probe with a very large γp converges to the
value of the fixed probe, since large γp and k both substan-
tially prevent the passive probe from escaping from the per-
sistent active collisions. In this sense, the elastic trap and the
kinetic constraint play the same role in the determination of
active pressure. Consequently, for a sufficiently big probe that
has a very large γp, its mechanical pressure does not depend
on the external constraint any more, such that a unique mech-
anical pressure can be measured. For comparison, the results
for the ideal ABPs are provided in figures 4(c) and (d), which
qualitatively agree with those for interacting ABPs shown in
figures 4(a) and (b).

Following the above theoretical approximation for the
elastic trap (equations (3)–(5)), we can similarly estimate the
active pressure exerted on the free probe by a single ABP for
different kinetic constraints. The resulting pressure expression
is

Ps = C2
Fd
πσp

(
1− γa

γp+ γa

)
, (6)

with a fitting parameter C2. Equation (6) indicates that the Ps
increases until saturation with γp and it well describes the sim-
ulation results with the parameter C2 = 0.85 (blue dashed line
in figure 4(e)). Remarkably, for the best fittings, the prefactor
C1 in equation (5) (elastic trap) is almost identical to C2 in
equation (6) (kinetic constraint), suggesting they share a sim-
ilar physical origin. Moreover, the good agreement between
the simulation results and equations (5) and (6) means that the
minimal theoretical treatment above captures the essence of
the constraint dependence of the active mechanical pressure.

For the case of kinetic constraint, the system is translation-
ally invariant, which thus allows us to derive an exact expres-
sion for the mechanical pressure on the free probe. Based on
the overdamped Langevin equations of the ideal active system,
namely Faij ≡ 0 in equation (1), one can obtain the correspond-
ing Smoluchowski equation [43, 86]

dψ̂(ra,θ,r p, t)
dt

=−∇ra · [v0u(θ)+µFp(r p−ra)] ψ̂

−∇r p·
[
−µp̂ Fp(r p−ra

′
)

ˆ
ψ̂(ra

′
,θ ′,r p, t)dθ ′d2ra

′
]
ψ̂

+Dt∇2
ra ψ̂+Dr

d2ψ̂
dθ2

+D p
t∇2

r p ψ̂, (7)

where ψ̂(ra,θ,r p, t) denotes the fluctuating probability distri-
bution of finding the passive probe at rp and active particles at
ra with the orientation θ at time t.
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Figure 4. Reduced pressure P experienced by the free passive probe (a) and the mean number N of ABPs simultaneously interacting with
the probe (b) as a function of γp. (c) and (d) are the cases of ideal ABPs corresponding to (a) and (b), respectively, and the orange circles in
(c) are obtained from equation (8). The red dashed lines refer to the pressure on the fixed probe, and the simulation results are presented
with error bars. (e) Active pressure on the free probe exerted by a single active particle, where the circle and blue dashed line are obtained
from the simulation and the fitting based on equation (6), respectively. Here, ρp = 0.3 and Fdσ

a/kBT= 20 are used.

For convenience, we define φ = θ−α and n(r) =
[cosα,sinα]T, where α is the angle between rai − r p and a
fixed arbitrary axis. According to equation (7) and the deriv-
ation method used in previous [79, 87], we can obtain the
expression for the pressure on the passive probe in an ideal
active bath,

P=

[
v20

2µDr
+
Dt+D p

t

µ

]
ρ(∞)+

v20
µDr

ˆ ∞

0
q
dr
r

+
v0
Dr

ˆ ∞

0
mF p(r)

dr
r
+
µpv0
µDr

ˆ ∞

0

⟨
A · n(r)

ˆ 2π

0
ψ̂ cosφdθ

⟩

− µp

µ

ˆ ∞

0

⟨
A · n(r)

ˆ 2π

0
ψ̂dθ

⟩
dr. (8)

Here, ρ(∞) is the number density of active particles far
away from the passive probe, m= ⟨

´ 2π
0 cosφψ̂dφ⟩ and q=

⟨
´ 2π
0 cos2φψ̂dφ⟩ separately signify the ensemble averages

of the first and second moments of the probability density
function ψ̂, and A=

´
Fp(r ′)

´
ψ̂(r ′,θ ′, t)dθ ′d2r ′ is oppos-

ite to the force exerted on the probe by all ideal ABPs. More
derivation details are provided in the supplementary material.
Equation (8) shows that the mechanical pressure on the probe
generally relies on γp, unless the terms containing µp coin-
cidentally cancel each other, as in the case of thermal bath.

Each term of equation (8) can be determined from independ-
ent simulations, and the thus-obtained pressure is in quantit-
ative agreement with the direct simulation measurement, as
displayed in figure 4(c).

4. Conclusion

We perform simulations and theoretical calculations to exam-
ine the influence of constraints on the active mechanical pres-
sure experienced by a passive probe immersed in a fluid of
ABPs, considering both external elastic trap and kinetic con-
straint induced by environmental friction. We find that the act-
ive pressure highly depends on the degree of external con-
straint (and hence the probe dynamics) for weak constraints,
where the probe undergoes significant motion due to the per-
sistent collisions from active particles, and saturates at suf-
ficiently strong constraints. This finding is in stark contrast
to the case of the pressure in a thermal bath, which does
not rely on the probe dynamics. In order to uniquely meas-
ure a constraint-independent pressure, the probe must be big
enough so that the probe dynamics is much slow than the
active particle. Our results greatly advance the understand-
ing of active mechanical pressure on the probe, particularly
for small probes in active bath, and have important implica-
tions for exploring the active pressure in complex viscoelastic
environments.
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